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CLOSED LAGRANGIAN SELF-SHRINKERS IN R4 SYMMETRIC
WITH RESPECT TO A HYPERPLANE
JAEHOON LEE
Abstract. In this paper, we prove that the closed Lagrangian self-shrinkers in
R
4 which are symmetric with respect to a hyperplane are given by the products of
Abresch-Langer curves. As a corollary, we obtain a new geometric characteriza-
tion of the Clifford torus as the unique embedded closed Lagrangian self-shrinker
symmetric with respect to a hyperplane in R4.
1. Introduction
A self-shrinker of the mean curvature flow is defined to be an immersed subman-
ifold in the Euclidean space, F : Mn → Rn+k, which satisfies the quasilinear elliptic
system
~H = −F⊥. (1.1)
Here, ~H is the mean curvature vector given by the trace of the second fundamental
form and ⊥ means the projection onto the normal bundle of Mn.
It is well known that the blow-up limit at the Type I singularity of the mean
curvature flow is a self-shrinker. Self-shrinkers themselves also provide self-similar
solutions of the mean curvature flow that shrink to the origin. Furthermore, if we
consider the Euclidean space as a weighted Riemannian manifold with the Gaussian
density e−
|x|2
2 , the solution of (1.1) corresponds to a minimal submanifold in a
weighted sense. For these reasons, it is important to understand the geometry of
self-shrinkers.
Abresch and Langer [1] completely determined closed self-shrinking planar curves.
These curves are called Abresch-Langer curves and note that they have reflection
symmetry. Moreover, there is a positive constant associated with each curve so that
if two Abresch-Langer curves have the same constants, then they are the same up
to a rigid motion (see Lemma 2.1). However, unlike the case of curves, the situation
becomes more complicated, so it is hard to expect a complete classification in higher
dimensions.
On the other hand, the mean curvature flow preserves the Lagrangian condition in
Ka¨hler-Einstein manifolds, including the Euclidean space (see [11]). Since the mean
curvature flow corresponds to the negative gradient flow for a volume functional,
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it provides a potential way to obtain a volume minimizer. For instance, special
Lagrangian submanifolds are volume minimizing in a Calabi-Yau manifold, so the
Lagrangian mean curvature flow plays a significant role in the construction of these
examples. However, the development of finite-time singularities is the main diffi-
culty of this method (see for instance [9]). Therefore, in order to manage possible
singularities, it is necessary to study Lagrangian self-shrinkers.
In this paper, we consider Lagrangian self-shrinkers in R4 ≃ C2. Since Lagrangian
self-shrinking sphere cannot exist by the theorem of Smoczyk [12], the simplest
example is the surface of genus 1. Many immersed Lagrangian self-shrinking tori
were constructed: products of Abresch-Langer curves, Anciaux’s tori (see [2]), and
Lee-Wang’s tori (see [6], [7]).
One interesting observation we would like to emphasize is that all known embed-
ded examples of closed Lagrangian self-shrinkers in C2 become the Clifford torus.
This is not true in Cn(n ≥ 3) since two or more different embedded Lagrangian self-
shrinkers can be found in Anciaux’s examples (see [2]). Moreover, as the normal
and tangent bundles of a Lagrangian submanifold are diffeomorphic and the self-
intersection number is given by the Euler characteristic of the normal bundle, one
can conclude that embedded Lagrangian surfaces in C2 should have genus 1. There-
fore, it is natural to ask whether the Clifford torus is the only embedded example
in C2:
Question 1.1. Is the Clifford torus unique as an embedded Lagrangian self-shrinker
in C2?
This question is analogous to Lawson’s conjecture that whether the Clifford torus
is the only embedded minimal torus in S3. The Lawson conjecture was proved by
Brendle [3], by clever use of the maximum principle for two-point functions on a
given surface. However, due to the increased codimension, it is not easy to apply the
maximum principle in our case. But, assuming a particular symmetry condition, we
obtain a positive answer for Question 1.1.
Before we state the main results, we recall some rigidity results on the Clifford
torus as a Lagrangian self-shrinker. Castro and Lerma [4] characterized Lee-Wang’s
tori as compact Hamiltonian stationary Lagrangian self-shrinkers in C2 and the
Clifford torus was characterized as the only embedded example among them. In [5],
they proved that if a compact Lagrangian self-shrinker satisfies either | ~H |2 = const
or | ~H |2 ≤ 2 or | ~H|2 ≥ 2, then it is the Clifford torus. They also proved that
a compact Lagrangian self-shrinker without change of sign on the Gauss curvature
and satisfying |σ|2 ≤ 2 is the Clifford torus. Here, σ denotes the second fundamental
form. Then Li and Wang [8] generalized previous results into two directions: the
Clifford torus is the unique compact Lagrangian self-shrinker with |σ|2 ≤ 2, and if a
compact Lagrangian self-shrinker has no sign change on the Gauss curvature, then
it is one of the products of Abresch-Langer curves.
Now we recall the result of Ros related to Lawson’s conjecture, which states
that the Clifford torus is the unique embedded minimal torus in S3 symmetric with
respect to four pairwise orthogonal hyperplanes in R4 (see Theorem 6 in [10]). Since
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the almost complex structure does not commute with reflections in general, we could
expect that there would be a non-trivial restriction on a Lagrangian submanifold
if we assume the reflection symmetry. Motivated by this, we study Lagrangian
self-shrinkers symmetric with respect to a hyperplane in R4.
Then we have the following theorem.
Theorem 1.2. Let F : Σ2 → R4 ≃ C2 be a closed Lagrangian self-shrinker sym-
metric with respect to a hyperplane P . Then Σ2 is given by the product of two
Abresch-Langer curves.
We remark that it requires only one hyperplane of symmetry in Theorem 1.2, while
Ros’ theorem assumed four orthogonal hyperplanes of symmetry. For the proof of
Theorem 1.2, we were not able to apply the method of Ros [10] due to the high
codimension. Instead, we observe that each Lagrangian self-shrinker with reflection
symmetry satisfies global relations which are similar to transcendental relations (2.4)
on Abresch-Langer curves (see Proposition 4.3). By using such relations, we prove
that Σ2 is flat. Then, by the result of Li and Wang (see Proposition 2.2), we could
finish the proof. We also show that global relations on a product of Abresch-Langer
curves coincide with the transcendental relation on each curve.
Since the Clifford torus is the only embedded self-shrinker among the products of
Abresch-Langer curves, we obtain a new geometric characterization of the Clifford
torus as a Lagrangian self-shrinker:
Theorem 1.3. A closed embedded Lagrangian self-shrinker symmetric with respect
to a hyperplane in R4 is the Clifford torus.
The paper is organized as follows. In Section 2 we provide some basic definitions
and show that a hyperplane of symmetry can be assumed to be the coordinate
hyperplane {x1 = 0} in a way that preserves the Lagrangian condition. We also
recall two previous results that play an important role in this paper. In the next
section, we compute local equations for Lagrangian self-shrinkers with reflection
symmetry in terms of isothermal coordinates. Then we obtain global relations in
Section 4. Finally, we prove the main results in Section 5.
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2. Preliminaries
Identify R4 with C2 via (x1, x2, x3, x4) ↔ (x1 + ix2, x3 + ix4), where i =
√−1.
We use the almost complex structure J on R4 which corresponds to the multipli-
cation of i in C2. Let 〈 , 〉 be the standard hermitian product in C2. Then the
Euclidean inner product in R4 is given by the real part of 〈 , 〉 under the identifica-
tion.
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The Ka¨hler form ω on
(
R
4, J
)
is given by
ω = dx1 ∧ dx2 + dx3 ∧ dx4,
where xi’s are coordinate functions of R
4. An immersion F : Σ2 → R4 is called a
Lagrangian if
F ∗ω = 0, (2.1)
and we call F : Σ2 → R4 a Lagrangian self-shrinker if it satisfies (1.1) and the
Lagrangian condition (2.1).
For arbitrary p ∈ Σ, one can always find local isothermal coordinates x, y in a
neighborhood of p such that
|Fx| = |Fy|, Fx ⊥ Fy, (2.2)
where the lower indices denote partial derivatives. In terms of the isothermal coor-
dinates, the Lagrangian condition (2.1) is equivalent to
JFx ⊥ Fy. (2.3)
Now let F : Σ2 → R4 be a Lagrangian self-shrinker symmetric with respect to
a hyperplane P . First, we claim that P contains the origin O. Indeed, by the
reflection symmetry, Σ and its reflected surface shrink to the same point along the
mean curvature flow. As the surface shrinks to the origin, O should be invariant
under the reflection, which implies that O ∈ P .
Let ν ∈ R4 ≃ C2 be the unit normal vector of P . Then there exists a unitary
matrix G ∈ U(2) such that
G · ν = (1, 0) ∈ C2.
The unitary group U(2) can be identified as a subgroup of O(4) consisting of ele-
ments which commute with J , so there is an orthogonal transformation G˜ ∈ O(4)
corresponding to G. Then G˜ sends P to the coordinate hyperplane {x1 = 0}.
Moreover, it preserves Lagrangian submanifolds since it commutes with J . Thus,
G˜ ◦ F : Σ2 → R4 is a Lagrangian self-shrinker symmetric to {x1 = 0}. Therefore it
suffices to consider Lagrangian self-shrinkers F : Σ2 → R4 symmetric with respect
to {x1 = 0}. This family of self-shrinkers will be denoted by F .
Lagrangian self-shrinkers with reflection symmetry can be easily found in the
products of Abresch-Langer curves. For later use, we recall two results on Abresch-
Langer curves and their product self-shrinkers. The first result is about the tran-
scendental relation on those curves (see Theorem A in [1] and Lemma 5.3 in [13]).
Lemma 2.1 (Lemma 5.3 in [13]). Let Γ ⊂ R2 be one of the Abresch-Langer curves.
Then there exists a positive constant cΓ such that
ke−
r
2
2 = cΓ (2.4)
holds everywhere on Γ, where r is the distance from the origin and k is the curvature.
If two Abresch-Langer curves Γ1 and Γ2 have the same constants, i.e., cΓ1 = cΓ2 ,
LAGRANGIAN SELF-SHRINKERS WITH REFLECTION SYMMETRY 5
then (up to a rigid motion) Γ1 = Γ2. Moreover, the critical values kc of the curvature
k satisfy kce
− k
2
c
2 = cΓ.
The second one is about the characterization of products of Abresch-Langer curves
as Lagrangian self-shrinkers with constant Gauss curvature in R4 (see Proposition
5.6 in [8]).
Proposition 2.2 (Proposition 5.6 in [8]). Let F : Σ2 → R4 be a compact Lagrangian
self-shrinker with constant Gauss curvature K. Then K = 0 and Σ2 is given by the
product of two Abresch-Langer curves.
Throughout this paper, the gradient and Laplacian on a given surface will be
denoted by ∇ and ∆, respectively.
3. Local Equations
Let F : Σ2 → R4 ≃ C2 be a closed Lagrangian self-shrinker symmetric with
respect to {x1 = 0}, i.e., F ∈ F . Using isothermal coordinates, we obtain the
following local equations:
Proposition 3.1. Suppose that F : Σ2 → C2 is given by F = (A,B) for some
complex-valued functions A and B. Then
(1) |Ax| = |By|, |Ay| = |Bx|,
(2) AxA¯y +BxB¯y = 0, and AxA¯y, BxB¯y are real-valued,
(3) (∆A+A)A¯x, (∆A+A)A¯y, (∆B +B)B¯x, (∆B +B)B¯y are real-valued,
hold true on all of Σ2, where x, y are local isothermal coordinates.
Proof. Since the coordinates are assumed to be isothermal, from (2.2) we have
Fx ⊥ Fy ⇔ Re(AxA¯y +BxB¯y) = 0, (3.1)
|Fx|2 = |Fy |2 ⇔ |Ax|2 + |Bx|2 = |Ay|2 + |By|2, (3.2)
and the Lagrangian condition (2.3) implies
JFx ⊥ Fy ⇔ Re(iAxA¯y + iBxB¯y) = 0⇔ Im(AxA¯y +BxB¯y) = 0. (3.3)
Combining (3.1) and (3.3), we obtain
AxA¯y +BxB¯y = 0, (3.4)
and then with (3.2), we conclude that
|Ax| = |By|, |Ay| = |Bx|. (3.5)
On the other hand, since Σ2 has the reflection symmetry with respect to x1-
hyperplane, the same equations hold when we replace A by −A¯.
Now substituting A by −A¯ in (3.4) gives
A¯xAy +BxB¯y = 0. (3.6)
Hence we get AxA¯y = A¯xAy and BxB¯y = B¯xBy from (3.4) and (3.6), which imply
that AxA¯y and BxB¯y are real-valued.
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In order to prove (3), we compute each term in (1.1), ~H = −F⊥, directly. Let λ :=
|Fx|2 = |Fy|2. As
{
1√
λ
Fx,
1√
λ
Fy
}
form an orthonormal frame, the mean curvature
vector can be expressed as
~H = (∆F )⊥
= ∆F − Re〈∆F,Fx〉
λ
Fx − Re〈∆F,Fy〉
λ
Fy
=
(
∆A− Re(∆AA¯x +∆BB¯x)
λ
Ax − Re(∆AA¯y +∆BB¯y)
λ
Ay,
∆B − Re(∆AA¯x +∆BB¯x)
λ
Bx − Re(∆AA¯y +∆BB¯y)
λ
By
)
, (3.7)
and similarly the normal part of the position vector is given by
F⊥ = F − Re〈F,Fx〉
λ
Fx − Re〈F,Fy〉
λ
Fy
=
(
A− Re(AA¯x +BB¯x)
λ
Ax − Re(AA¯y +BB¯y)
λ
Ay,
B − Re(AA¯x +BB¯x)
λ
Bx − Re(AA¯y +BB¯y)
λ
By
)
. (3.8)
Let u˜ := A¯xAy, which is a real-valued function. Clearly, BxB¯y = −u˜, by (3.4).
From (3.5), |Ay| = |Bx|, we may write
λ = |Ax|2 + |Ay|2.
Since F is an immersion, λ 6= 0 and either Ax 6= 0 or Ay 6= 0 hold. In both cases,
a similar argument applies, so we may assume that Ax 6= 0. Then we have the
following relations:
Ay = uAx, Bx = −uBy,
where u := u˜|Ax|2 is also real-valued. By the above relations,
Re(∆AA¯x +∆BB¯x)Ax +Re(∆AA¯y +∆BB¯y)Ay
= Re(∆AA¯x − u∆BB¯y)Ax +Re(u∆AA¯x +∆BB¯y)(uAx)
= (1 + u2)Re(∆AA¯x)Ax
=
λ
|Ax|2Re(∆AA¯x)Ax,
and we compute
∆A− Re(∆AA¯x +∆BB¯x)
λ
Ax − Re(∆AA¯y +∆BB¯y)
λ
Ay =
(∆AA¯x −∆A¯Ax)
2|Ax|2 Ax.
By applying similar computations to (3.7) and (3.8), we obtain
~H =
(
(∆AA¯x −∆A¯Ax)
2|Ax|2 Ax,
(∆BB¯y −∆B¯By)
2|By|2 By
)
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and
F⊥ =
(
(AA¯x − A¯Ax)
2|Ax|2 Ax,
(BB¯y − B¯By)
2|By|2 By
)
.
Consequently, (1.1), ~H = −F⊥, is equivalent to
(∆A+A)A¯x = (∆A¯+ A¯)Ax
and
(∆B +B)B¯y = (∆B¯ + B¯)By,
which imply that (∆A + A)A¯x and (∆B + B)B¯y are real-valued. Since AxA¯y and
BxB¯y are also real-valued, (3) is proved. 
4. Global Relations
In this section, we prove that Lagrangian self-shrinkers in F have a special prop-
erty analogous to the transcendental relation on Abresch-Langer curves as in Lemma
2.1. From local equations in Proposition 3.1, we obtain the following lemma:
Lemma 4.1. With the same notation in Proposition 3.1, suppose that |A| > 0 in a
neighborhood of p ∈ Σ2. Let A = reiθ be a locally given polar representation of A.
Then r4|∇θ|2 = Cer2 for some constant C.
Proof. By a straightforward calculation, we have
Ax = (rx + irθx) e
iθ, Ay = (ry + irθy) e
iθ,
where x, y are isothermal coordinates. It then follows from (2) in Proposition 3.1
Im(AxA¯y)
r
= θxry − rxθy = 0,
which implies that ∇r and∇θ are linearly dependent. Moreover, |∇r|2+r2|∇θ|2 = 1
implies that either |∇r| 6= 0 or |∇θ| 6= 0. We treat both cases separately as follows.
First, assume that |∇r| 6= 0. We may write ∇θ = µ∇r for some function µ. From
this we derive
∆θ = µ∆r +∇µ · ∇r,
and we compute
∆A+A =
(
∆r + r − r|∇θ|2 + 2i∇r · ∇θ + ir∆θ) eiθ
=
(
∆r + r − rµ2|∇r|2 + 2iµ|∇r|2 + irµ∆r + ir∇r · ∇µ) eiθ.
Thus,
(∆A+A)A¯x
=
(
∆r + r − rµ2|∇r|2 + 2iµ|∇r|2 + irµ∆r + ir∇r · ∇µ) (rx − irθx)
=
(
∆r + (r + r3µ2 − rµ2)|∇r|2 + 2iµ|∇r|2 + irµ∆r + ir∇r · ∇µ) (1− irµ) rx,
where we used 1 =
(
1 + r2µ2
) |∇r|2 and θx = µrx in the last equality.
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Taking the imaginary part, we deduce from (3) in Proposition 3.1 that
Im
(
(∆A+A)A¯x
)
= 0
⇔ (r∇r · ∇µ+ (2µ− r2µ+ r2µ3 − r4µ3) |∇r|2) rx = 0. (4.1)
By a similar computation, we also have
Im
(
(∆A+A)A¯y
)
= 0
⇔ (r∇r · ∇µ+ (2µ− r2µ+ r2µ3 − r4µ3) |∇r|2) ry = 0. (4.2)
Since |∇r| 6= 0, (4.1) and (4.2) imply that
r∇r · ∇µ+ (2µ − r2µ+ r2µ3 − r4µ3) |∇r|2 = 0. (4.3)
On the other hand, θxy = µyrx + µrxy = µxry + µryx = θyx implies
µyrx − µxry = 0.
Then ∇µ and ∇r are linearly dependent so that (4.3) is equivalent to
r∇µ+ (2µ− r2µ+ r2µ3 − r4µ3)∇r = 0. (4.4)
Now we use (4.4) to compute
∇
(
r2µ
e
1
2
r2
√
1 + r2µ2
)
=
e
1
2
r2
√
1 + r2µ2
(
2rµ∇r + r2∇µ)− r2µ(re 12 r2√1 + r2µ2∇r + e 12 r2 r2µ∇µ+rµ2∇r√
1+r2µ2
)
er
2 (1 + r2µ2)
=
(
1 + r2µ2
) (
2rµ∇r + r2∇µ)− r3µ (1 + r2µ2)∇r − r4µ2∇µ− r3µ3∇r
e
1
2
r2 (1 + r2µ2)
3
2
=
r
e
1
2
r2 (1 + r2µ2)
3
2
(
r∇µ+ (2µ − r2µ+ r2µ3 − r4µ3)∇r)
= 0.
Therefore we conclude that(
r2µ
e
1
2
r2
√
1 + r2µ2
)2
=
r4µ2
er
2 (1 + r2µ2)
=
r4|∇θ|2
er
2
is a constant.
For the case |∇θ| 6= 0, there exists a function η such that ∇r = η∇θ. Then, a
similar argument yields
∇
(
r2
e
1
2
r2
√
r2 + η2
)
= 0,
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which again implies that(
r2
e
1
2
r2
√
r2 + η2
)2
=
r4
er
2(r2 + η2)
=
r4|∇θ|2
er
2
is a constant. 
Next, we prove that the constant in the previous lemma cannot be zero.
Lemma 4.2. For p ∈ Σ2 with |A| > 0, let r4|∇θ|2 = Cer2 at p. Then C > 0.
Proof. Suppose that there exists a point p ∈ Σ2 such that |A| > 0 and r4|∇θ|2 = 0
at p. Let Ω be the connected component of Σ2 ∩ {|A| > 0} which contains p. Then
Lemma 4.1 implies that Ω is an open set and locally every point shares the same
constant in the above lemma. From the connectedness of Ω, we conclude that all
points of Ω share the same constant. Hence r4|∇θ|2 = 0 in Ω.
Since r = |A| > 0 in Ω, we have |∇θ| = 0 in Ω. Let γ = γ(t) be the integral curve
of ∇r with γ(0) = p. Then
r(γ(T ))− r(γ(0)) =
∫ T
0
d
dt
r(γ(t))dt
=
∫ T
0
∇r(γ(t)) · γ˙(t)dt
=
∫ T
0
|∇r|2dt = T,
where we used |∇r|2 = |∇r|2 + r2|∇θ|2 = 1 in the last equality.
If the integral curve stays inside Ω, then r increases along the curve by the amount
of T increases. This is impossible since r is bounded on Σ2. Thus, we may deduce
that γ(t) approaches the boundary point of Ω. However, by the definition of Ω, r
should vanish at the boundary point. This is also a contradiction as r is continuous
and increases along γ. Therefore, such p ∈ Σ2 does not exist. 
Finally, we obtain the following proposition.
Proposition 4.3 (Global Relations). Let F : Σ2 → C2 be a closed Lagrangian self-
shrinker in F , given by F = (A,B). Then, |A| > 0 and |B| > 0 on Σ2. Moreover,
there exist constants C1, C2 > 0 such that
r41|∇θ1|2 = C1er
2
1 , r42|∇θ2|2 = C2er
2
2 (4.5)
on all of Σ2, where A = r1e
iθ1 and B = r2e
iθ2 are polar representations.
Proof. If |A| vanishes at every point of Σ2, then Σ2 should be contained in a 2-
plane. It is impossible, so there exists a point p ∈ Σ2 with |A| > 0. Then, by
Lemma 4.1 and 4.2, there exists a positive constant C1 such that r
4
1|∇θ1|2 = C1er
2
1
in a neighborhood of p.
Let U be the maximal subset of Σ2 consisting of points which share the same
constant C1, i.e., r
4
1|∇θ1|2 = C1er
2
1 in U . Since p ∈ U by the definition of C1, U
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is non-empty. Moreover, by Lemma 4.1, there exists a neighborhood for each point
q ∈ U such that all points in the neighborhood share the same constant. Thus, U
is an open set.
Next, we prove that U is also a closed subset by proving ∂U = ∅. Suppose
the contrary. That is, assume that x ∈ ∂U . If r1(x) > 0, then by Lemma 4.1
and 4.2, there exists a neighborhood of x, V , and a positive constant C0 such that
r41|∇θ1|2 = C0er
2
1 in V . By the definition of the boundary point, we have V ∩U 6= ∅
and V ∩ U c 6= ∅. From V ∩ U 6= ∅, we deduce that C0 = C1. This implies that
V ⊆ U and V ∩ U c = ∅, which is a contradiction. Thus, r1(x) = 0.
On the other hand, from |∇r1|2 + r21|∇θ1|2 = 1 we derive
|∇1
2
r21|2 = r21 − C1er
2
1 ≥ 0
in U . The last inequality holds, if and only if
C1 ≤ 1
e
and
rmin(C1) ≤ r1 ≤ rmax(C1),
where rmin(C1) and rmax(C1) are two solutions of r
2 = C1e
r2 .
By the continuity of r1, we conclude that 0 = r1(x) ≥ rmin(C1) > 0, which is a
contradiction. Therefore ∂U = ∅ and U is closed.
Since U is a non-empty open and closed subset in the connected surface, U must
be equal to Σ2 and we deduce that r41|∇θ1|2 = C1er
2
1 on all of Σ2. The same method
can be applied to B and we finish the proof. 
Remark 4.4. Although θ1 and θ2 are defined up to multiples of 2π, ∇θ1 and ∇θ2
are well-defined on Σ2.
Next, we compute explicit constants on products of Abresch-Langer curves. All
self-shrinkers in this family have reflection symmetry so that Proposition 4.3 can
be applied. We observe that each constant coincides with the one that appeared in
Lemma 2.1. The precise computation would be done as follows.
Let Γ1 and Γ2 be the Abresch-Langer curves associated with the constants cΓ1 and
cΓ2 as in Lemma 2.1. Suppose Γ1 and Γ2 are given by γ1(s) and γ2(t), respectively,
where s and t are arc-length parametrizations. Consider the Lagrangian self-shrinker
Γ1 × Γ2 ⊂ R2 × R2 = R4. If we write γ1(s) = r1(s)eiθ1(s), then
|γ˙1|2 = r˙12 + r21 θ˙1
2
= 1, (4.6)
where the upper dot denotes the derivative with respect to s. As Γ1 × Γ2 ⊂ R4 is
given by the product, we have
|∇θ1|2 = θ˙12
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so that
C1 :=
r41|∇θ1|2
er
2
1
=
r41 θ˙1
2
er
2
1
=
r21(1− r˙12)
er
2
1
, (4.7)
where we have used (4.6) in the last step. A direct computation gives
γ⊥1 = γ1 − Re(γ1 ¯˙γ1)γ˙1 =
(
r1(1− r˙12)− ir21 r˙1θ˙1
)
eiθ1 ,
and then with (4.6), we obtain
k2Γ1 = |γ¨1|2 = |γ⊥1 |2 = r21(1− r˙12)2 + r41 r˙12θ˙1
2
= r21(1− r˙12). (4.8)
We deduce from (4.7) and (4.8) that
C1 =
r21(1− r˙12)
er
2
1
=
k2Γ1
er
2
1
= c2Γ1 ,
and similarly C2 = c
2
Γ2
.
5. Proof of the Main Results
In this section, we prove the main results of this paper.
Proof of Theorem 1.2. We may assume that F ∈ F . Let p ∈ Σ2 and suppose that
the immersion is given by F (x, y) = (A(x, y), B(x, y)), where x and y are isothermal
coordinates near p. By Propostion 4.3, |A| and |B| never vanish on Σ2 and we may
consider polar representations in a neighborhood of p as follows:
A(x, y) = r1(x, y)e
iθ1(x,y), B(x, y) = r2(x, y)e
iθ2(x,y).
Again by Proposition 4.3, we know that |∇θ1| > 0 and |∇θ2| > 0.
Then, as in the proof of Lemma 4.1, there exist functions η1 and η2 such that
∇r1 = η1∇θ1, ∇r2 = η2∇θ2. (5.1)
From (1) and (2) in Proposition 3.1, we derive
|Ax| = |By| ⇔ (η21 + r21)θ21x = (η22 + r22)θ22y,
|Ay| = |Bx| ⇔ (η21 + r21)θ21y = (η22 + r22)θ22x,
AxA¯y +BxB¯y = 0⇔ (η21 + r21)θ1xθ1y + (η22 + r22)θ2xθ2y = 0,
which gives
θ1xθ2x + θ1yθ2y = 0.
Therefore we conclude that
∇θ1 · ∇θ2 = 0. (5.2)
Since ∇θ1 and ∇θ2 are non-vanishing and orthogonal, θ1 and θ2 give rise to local
coordinates near p. In terms of θ1 and θ2, we may write A = r1(θ1, θ2)e
iθ1 . Then,
by (5.1) and (5.2),
∇r1 · ∇θ2 = η1∇θ1 · ∇θ2 = 0.
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This proves that r1 is independent of θ2. Similarly
∇r2 · ∇θ1 = η2∇θ2 · ∇θ1 = 0,
and r2 is independent of θ1.
Therefore we proved that Σ2 is locally given by the product of two curves,
parametrized by θ1 and θ2, respectively, in a neighborhood of p. This implies that
Σ2 is flat at p. Since p was arbitrary, we conclude that Σ2 is flat. Then, by the re-
sult of Li and Wang (see Proposition 2.2), Σ2 is the product of two Abresch-Langer
curves. 
The unit circle is the only embedded curve in the examples of Abresch and Langer.
Therefore we can characterize the Clifford torus as the unique embedded self-shrinker
in the products of Abresch-Langer curves, and Theorem 1.3 follows directly from
Theorem 1.2.
References
[1] U. Abresch and J. Langer. The normalized curve shortening flow and homothetic solutions. J.
Differ. Geom., 23(2):175–196, 1986.
[2] H. Anciaux. Construction of Lagrangian self-similar solutions to the mean curvature flow in
C
n. Geom. Dedic., 120(1):37–48, 2006.
[3] S. Brendle. Embedded minimal tori in S3 and the Lawson conjecture. Acta Math., 211(2):177–
190, 2013.
[4] I. Castro and A. M. Lerma. Hamiltonian stationary self-similar solutions for Lagrangian mean
curvature flow in the complex Euclidean plane. Proc. Am. Math. Soc., 138(5):1821–1832, 2010.
[5] I. Castro and A. M. Lerma. The Clifford torus as a self-shrinker for the Lagrangian mean
curvature flow. Int. Math. Res. Not., (6):1515–1527, 2014.
[6] D. Joyce, Y.-I. Lee, and M.-P. Tsui. Self-similar solutions and translating solitons for La-
grangian mean curvature flow. J. Differ. Geom., 84(1):127–161, 2010.
[7] Y.-I. Lee and M.-T. Wang. Hamiltonian stationary cones and self-similar solutions in higher
dimension. Trans. Am. Math. Soc., 362(3):1491–1503, 2010.
[8] H. Li and X. Wang. New characterizations of the Clifford torus as a Lagrangian self-shrinker.
J. Geom. Anal., 27(2):1393–1412, 2017.
[9] A. Neves. Finite time singularities for Lagrangian mean curvature flow. Ann. Math.,
177(3):1029–1076, 2013.
[10] A. Ros. A two-piece property for compact minimal surfaces in a three-sphere. Indiana Univ.
Math. J., 44(3):841–849, 1995.
[11] K. Smoczyk. A canonical way to deform a Lagrangian submanifold. arXiv:dg-ga/9605005, 1996.
[12] K. Smoczyk. The Lagrangian mean curvature flow. Univ. Leipzig (Habil. -Schr.), 2000.
[13] K. Smoczyk. Self-shrinkers of the mean curvature flow in arbitrary codimension. Int. Math.
Res. Not., (48):2983–3004, 2005.
Jaehoon Lee, Department of Mathematical Sciences, Seoul National University,
Seoul 08826, Korea
E-mail address: jaehoon.lee@snu.ac.kr
